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ON SYMMETRIES IN OPTIMAL CONTROL 
A. J .  van de r  Scha f t  
Dept.  of  Applied  Mathematics 
Twente University of Technology 
P.O. Box 21 7 ,  7500 AE Enschede 
The Nether lands 
Abstract Based  on E51  we discuss  the  use  of  symmetries 
i n  so lv ing   op t imal   cont ro l   p roblems.  I n  p a r t i c u l a r  a 
procedure  for   obtaining  symmetr ies  is  given  which  can 
be performed before t h e  a c t u a l   c a l c u l a t i o n   o f the 
optimal control and optimal Hamiltonian. 
1 .  I n t r o d u c t i o n  
Consider an ( u n r e s t r i c t e d  a n d  smooth) Bolza problem  of 
minimizing (w.r.t. u ( * ) )  t h e  c o s t   f u n c t i o n a l  
under  the  dynamical 
(1 .2)  i ( t )  = f ( x  
Here i t  A s  assumed t h a t  a l l  d a t a m a r e  smooth  and t h a t  U 
e q u a l s  R or  an open s u b s e t  of R (or  more g e n e r a l l y  a 
manifold without boundary). F,"r s i m p l i c i t y  we a l s o  t a k e  
X t o  be (an  open  subset   of)  R . 
I n  o r d e r   t o   s o l v e   t h i s   o p t i m a l   c o n t r o l   p r o b l e m   t h e  
Maximum P r i n c i p l e  tglls us to   in t roduce   the   pseudo-  
Hamiltonian H:  X x R x U + R d e f i n e d  a s  
( w i t h  p E Rn t he  e o - s t a t e )  and t o   c n s i d e r  t h e  
f o l l o w i n g  s e t  of d i f f e r e n t i a l  e q u a t i o n s  
( l . 4 a )  x = - ( x , p , u )  = f i ( x , u )  * a H  
i aPi  
i = I ,  ..., n 
w i t h  the  (mixed)  boundary  conditions 
(1 .5a)  x ( 0 )  = x. 
where  x(T) is  t h e  so lu t ion   o f  (1.4a) a t  time T f o r  
x ( 0 )  = xo. A necessary  condi t ion  for  a c o n t r o l  f u n c t i o n  
u * ( - )  on [ O , T ]  t o  be optimal  ( i n  the   sense  of  ( 1 . 1 ) )  i s  
t h a t  f o r  e v e r y  t E C0,TI 
( 1 . 6 )   H ( x * ( t ) , p * ( t ) , u * ( t ) )  = max H ( x * ( t ) , p * ( t ) , u )  
where ( X * ( * )  , P  ( * ) )  is  t h e   s o l u t i o n  of ( 1 . 4 )  wi th  
u (  .) = u ( 9 )  and  boundary  condi t ions  (1 .5) .  So t h e  
Maximum P r i n c i p l e   l e a d s   t o  t h e  f o l l o w i n g   s t a t i c  
og t imiza t ion   problem:   F ind   for   every   (x ,p)  E X x R" a 
u E U such   t ha t  
ueu * * 
(1 .7)   H(x ,p ,u*)  = max H ( x , p , u )  
UEU 
For s i m p l i c i t y  we will throughout  assume  that  the 
o g t i m i p t i o n  problem  (1.7) has a unique smooth s o l u t i o n  
u = u ( x , p ) ,  r e s u l t i n g  i n  t h e  optimal Hamiltonian 
* * 
( 1 . 8 )  H ( x , p )  = H(X,p ,u   (x ,p) )  
* 
Then t h e  optimal trajectory x ( . )  i s  given by the  
s o l u t i o n  of the d i f f e r e n t i a l  e q u a t i o n s  
m *  aH* * * 
x = -(x , p  ) ap * * 
(1 .9)  X (0) = x0, p ( T ) =  - % ( X  ( T ) )  a K  * * p = - K x *  .* * ax  ( 8P  ) 
and  the optimal control i n  open  loop  form  equals 
* * * *  
(1 .10)  u ( t )  = u ( x  ( t ) , P  ( t ) )  
Equations  (1.9)  f rm a 2n-dimensional   set  of 
H a m i l t o n i a n   d i f f e r e n t i a l   e q u a t i o n s ,   t h e   s o l u t i o n   o f  
which may n o t  be e a s y   t o   o b t a i n .  On t h e  o t h e r  hand we 
know from mechanics t h a t  a b a s i c  t o o l  i n  s o l v i n g  ( o r  a t  
l e a s t   s i m p l i f y i n g   t h e   s o l u t i o n   o f )   H a m i l t o n i a n  
equat ions  i s  t o   l o o k   f o r   ( a   g r o u p   o f )  symmetries. By 
Noether 's   theorem  th recor sponds t o  every  
( i n f i n i t e s i m a l )  symmetry a f i r s t  integral of  the
d i f f e r e n t i a l   e q u a t i o n s ,  and   the   ex is tence  of k 
independent f i r s t  i n t e g r a l s  ( i n  i n v o l u t i o n )  r e d u c e s  the  
2n-dimensional   set  of e q u a t i o n s   t o  a (2n-2k)- 
d imens iona l   se t  of Hamiltonian  equations.  The only  
d i f f e r e n c e  w i t h  the   usua l   case   cons idered   in   mechanics  
i s  tha t   i n   op t ima l   con t ro l   p rob lems  we usual ly   have a 
mixed s e t  of  boundary c o n d i t i o n s  ( c f .  [ 4 1 ) .  
Let us  introduce some n o t a t i o n .  For a smooth  function 
F: X x Rn + R i t s  Hamil tonian vectorf ie ld  
( 1 . 1 1 )  i = l , . . . , n  
pi = - -  a F  ( x , p )  axi 
i s  denoted   as  X F .  The Poisson  bracket of  two f u n c t i o n s  
F and G on X x R n  i s  de f ined  a s  
course:  How t o   o b t a i n  these symmetries? The b a s i c   i d e a  
of our  work [5,7,91,  on  which t h i s  paper is  based,  is 
t o   b t a i n   s y m m e t r i e s   f o r  H d i r e c t l y  f r o m   t h e   i n i t i a l  
d a t a   f ( x , u )   a n d   L ( x , u ) ,  y i thout  t h e  n e c e s s i t y   o f , f i r s t  
e x p l i c i t l y   s o l v i n g   f o r  u ( x , p )  and c o n s t r u c t i n g  H ( s e e  
a l s o  141). T h i s  is  done a s   f o l l o w s .   S i n c e  we assumed U 
t o  be (an   open   par t   o f )  R" equa t ion   (1 .8)  implies the 
f i r s t  o r d e r  c o n d i t i o n s  
(1.12)  [ F , C }  = X F ( C )  
Now n o t i c e  t h a t  t h e  e q u a t i o n s  
so  t h a t  i n  c o o r d i n a t e s  
(1 .13)  [ F , G }  = 1 (- - - - -) aF ac a F  ac 
api ax. axi ap. i = l  1 
An ( i n f i n i t e s i m a l )  symmetry f o r  a Hamiltonian 
v e c t o r f i e l d  X H ,  o r  equ iva len t ly ,  fo r  t he  Hami l ton ian  H, 
i s  another  Hami l tonian  vec tor f ie ld  XF s a t i s f y i n g  
( 1 . 1 4 )  X F ( H )  = 0 
Then by t h e  p r o p e r t i e s  of the  Poisson  bracket  
and s o  F is  a f irst  in tegra l  f o r  X H .  Conversely i f  F is 
a f i r s t   i n t e g r a l   f o r  X H ,  then  XF is a symmetry f o r  XH 
( o r  H ) .  
TQe knowledge  of symmetries  for  the  optimal  Hamiltonian 
H a l s o   s i m p l i f i e s   t h e   c o n s p q * c t i o n  of t h e  ogt imal  
c o n t r o l  i n  feedback f o r m  u ( x  ( t ) , t )  = u ( t ) , p  ( t ) ) .  
F o r   i n s t a n c e   i n   t h e   l i n e a r   c a s e  ( w i t h  f ( x , u )  = Ax + Bu, 
L ( x , u )  = - x Qx + - u Ru)  symmetries  for the opt imal  
Hami l tonian  vec tor f ie ld  
1 T  1 T  
2 2 
a r e  i n  one-to-one  correspondence w i t h  symmetries of the 
a s soc ia t ed  R icca t i  equa t ion  
(1.17)  i = -A K - K A  - K B R  B K + Q T -1 T 
a s   n o t e d   i n  [ l l ] . ,  More g e n e r a l l y   i n   t h e   n o n l i n e a r   c a s e  
symmetr ies   for  H y ie ld   symmetr ies   for   the   Hami l ton-  
Jacobi-Bellman equation 
( 1 . 1 8 )   ( x , t )  = - H [ x ,   ( x , t ) ) ,   S ( x , T )  = -K(x) * as a t  
where - S ( x , t )  i z  t h e  Bel lman  value  funct ion  (cf .   [51)  
* 
2. Symmetries f o r  H obtained  from  the 
Hami 1 toni   an   sys  tem 
As we saw i n   t h e  i n t r o d u c t i o n ,   t h e ,  knowledge  of 
symmetr ies   for  t h e  optimal  Hamiltonian H is  u s e f u l   f o r  
ob ta in ing   t he   op t ima l   t r a j ec to ry  as well a s   f o r  
c a l c u l a t i n g  t h e  o p t i m a l  c o n t r o l .  Next ques t ion  is of 
x .  = - ( x , p , u )  * a H  
1 a P i  
i = 1 ,  ..., n 
c o n s t i t u t e  a Hamiltonian  input-output  system ( [ 7 , 9 , 5 ] )  
w i t h  i n p u t s  u a n d   o u t p u t s   y ,   a n d   t h a t   h e   f i r s t - o r d e r  
condi t ion  f o r  a c o n t r o l  u ( - )  t o  be optimal  is  t h a t  t h e  
o u t p u t s  y of t h i s  system  resul t ing  f rom t h i s  u ( * )  and 
the   boundary   cond i t ions   (1 .5 )   a r e   i den t i ca l ly   ze ro .  
Let  us now define  symmetries of HamiAtonian systems 
( [ 6 , 7 , 9 1 ) .  For a f u n c t i o n  Fe on U x R l e t  us d e f i n e  
the Hamiltonian vector f i e l d  XFe on U x Rm a s  
li = - ( u , y )  aFe 
j a Y j  
( 2 . 3 )  j = 1 , .  . . , m  
An ( i n f i n i t e s i m a l )  symmetry f o r  a Hamiltonian  system 
( 2 . 2 )  i s  d e f i n e d   a s  a pair of Hami l tonian   vec tor f ie ld3  
(XFpxFe), w i t h  XF a Hami l tonian   vec tor f ie ld  on X x R 
and XFe a Hamil tonian vectorf ie ld  on U x Rm, such  tha t  
where y = - a H  ( x , p , u ) .  ( T h i s  i m p l i e s  t h a t  t he  flow of 
t h e   v e c t o r f i e l d  XFe l eaves   t he   ex te rna l   ( i npu t -ou tpu t )  
behavior of the  system  (2.2) invariant ,  c f .   [ 6 , 7 1 . )  
Using  the  anti-symmetry of t he  Poisson  bracket we 
obtain  from  (2.4) 
au 
N o t i n g   t h a t   X H ( x , p , u ) ( F )   e q u a l s  t h e  t ime-derivat ive - dF 
d t  
of F along the  Hamiltonian  system ( 2 . 2 ) ,  equat ions  
( 2 . 5 )  e x p r e s s  the f a c t   t h a t  x only depends on the 
i n p u t s  and o u t p u t s  of the   sys tem.   Therefore   the   pa i r  
(F,Fe)  i s  c a l l e d  a conservation law. In  mechanics 
usua l ly  t h e  f u n c t i o n  Fe is  such   t ha t   Fe (u ,y )  = 0 f o r  
u = 0 ( i f  t he   ex te rna l   fo rce  i s  zero   then  F i s  a 
conserved  quant i t  ).  I n  our case  however, we need  the 
"dual"  property F J ( u , y )  = 0 f o r  y = 0 :  
dF 
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Theorem 1 C5,71  Let ( F , F e )  be a conservat ion law f o r  
the  Hamiltonian  system (2.2) s u c h  t h a t  Fe (u,O) = 0 f o r  
a l l  u E U. Then Fe i s  a f i r s t  in t eg ra l   fo r   t he   op t ima l  
Hamiltonian, i .e. 
Concluding, f irst  i n t e p a l s   f o r  H* can be obtained by 
l o o k i n g   f o r   p a i r s  ( F , F e )  s a t i s f y i n g   ( 2 . 5 )  and 
Fe (u ,O)  = 0 f o r   a l l  u E U. Furthermore we ob ta in   t he  
i n t e r e s t i n g  " e x t r a  bonus" 
Theorem 2 C51 Let ( F , F e )  be a consezvat ion law* as  i n  
Theorem 1 .  Denote  the  components of u ( x , p )  by u ( x , p ) ,  
j = l,...,m. Then j 
I n  p a r t i c u l a r ,  i f  u* is a r egu la r  op t ima l  con t ro l  ( i . e .  
the  mat r ix  - aLH h a s   f u l l   r a n k ) ,  t h e n  i t  fo l lows  from 
(2.7) t h a t  t h e  components of u*  have t o   s a t i s f y  a s e t  
of first o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  
a u  au 
i j  
A s p e c i a l ,  b u t  impor t an t   c l a s s  of conservation  laws 
( f , F e )  a s  above a r e   t h o s e  w i t h  F ( x , p )  of t h e  form 
p g ( x )   f o r  an  -vector  g(x),  and Fe i d e n t i c a l l y  zero. 
I n  t h i s  case ( 2 . 5 )  r educes  to  
Furthermore  since { p  f ( x , u ) , p   g ( x ) }  = p [ f ( x , u ) , g ( x ) l ,  
with [ , 1 the   Lie   bracket ,  we obta in  
T T T 
T h i s  c l a s s  of symmetries was s t u d i e d  i n  141. 
Example C51 Consider  amathematical pendulum i n  space 
(R3) w i t h  mass 1 and  length 1 .  Suppose t h e r e  i s  a 
h o r i z o n t a l   f i e l d  by which  one  can  exert a force  u1 i n  
t h e  x-direction  and a force  u 2  i n  t h e  y - d i r e c t i o n .   I n  
spherical   coordinates   the  dynamical   equat ions  are  
e = -U s i n e  + u 2  cose 
$ = -g s i n $  + u1 cos8 cos$ + u 2  s i n e  cos$ 
(2 .11 )  .. 1 
w i t h  ($ ,e )  E S ( t h e   u n i t   s p h e r e ) .   T h e r e f o r e   t h e   s t a t e  
space i s  X = TS2, w i t h  l oca l  coord ina te s  
2 
x 1  = $ l , x 2  = e ,  x 3  = $, x,, = e.  
Let us  take L ( x , u )  = - ( u  + u:). . An ev ident   candi -  
d a t e  f o r  symmetry v e c t o r f i e l d  on X is  g ( x )  = -, w i t h  
corresponding Hamiltonian p 2 .  Ca lcu la t ing  
1 
a 
a x 2  
{ P  f ( x , u )  - L ( x , u ) , p 2 j  = T 
= {p1x3+p2x4+p3(-gsinx +u cosx  cosx +u s i n x 2 c o s x l )  + 1 1  2 1 2  
+ p 4 ( - u 1 s i n x  + u  cosx ) -  T ( u l  1 2 2  +u ) , p 2 }  = 2 2  2 
= u p s i n x  cosxl-u p cosx  cosx + 1 3  2 2 3  2 1 
+ u p cosx +u p s i n x  1 4  2 2 4  2' 
Furthermore 
y 1 = - =  a u ,  3 2 aH p cosx  cosxl - p 4 s i n x  2 - u1 
y 2 = - =  a H  p s inx2cosxl  - pUcosx a u 2  3 2 - u2 
and  hence 




(2 .1  
= u (y +u 1 - u 2 ( y 1  +ul 1 = u 1 y 2  - u2y1 1 2 2  
( p 2 ,  u 1 y 2  - u2y1) is a conse rva t ion   l aw   sa t i s fy ing  
condi t ions  of Theorems 1 ,  2. Therefore 
* *  * 
I n  t h i s  case u l ,  u2 and H can be immediately  computed, 
t h a n k s   t o  t h e  s imple form of L ( x , u ) .  However,  suppose 
L ( x , u )  = 6 (U:+U:)~. Then s t i l l  ( p 2 , u 1 y 2  - u g l )  is a 
conservat ion law,  as  can be eas i ly  checked .  
I n  g e n e r a l ,  i f  L ( x , u )  i s  of the  form 
1 
L ( x , u )  = h ( x l ) . k ( $ u l  + u , ) ) ,  1 2  2 
w i t h  h and k a r b i t r a r y  smooth func t ions ,   t hen  
(p2 ,u1y2 - u g l )  i s  a conservation  law. Hence by 
(2 .12b)  one knows a priori t h a t  
* * 
Consequently i n  a l l  t h e s e  c a s e s  u1 and u2 have t o  be of 
t h e  form 
(2 .14 )  a s i n  x2 + b cos x 2 
484 
w i t h  a and b f u n c t i o n s  of x l ,  x3, x 4 ,  P 1 ,   P 2 '  P3 and 
p4.  
* 
3. Time-derivat ives  of op t ima l   con t ro l s .  du  
S ince   {H*(x ,p ) ,   u* (x ,p )}  can be denoted  as 2, with 
For   every   Hami l tonian   vec tor f ie ld  XH there   a lways d j 
is t h e   v e c t o r f i e l d  XH r e spec t ive ly   t he   Hami l ton ian  H we r e w r i t e  ( 3 . 3 )  i n  t h e  form 
i t s e l f ,  a s  immediately  follcws  from the antisymmetry  of L 
e x i s t s  one Ntr ivialf t  symmetry or f i r s t  i n t e g r a l ,  T h i s  E differentiation the Optimal equations ( l  $ 9 )  9 
t he  Poisson  bracket  
Equation  (3.1)  expresses  the  well-known  "conservation 
of ene rgyf f   fo r  a Hami l ton ian   s e t  of d i f f e r e n t i a l  
equat ions .  
H o w  can t h i s  s imple   fac t  be a p p l i e d   t o  our case? With 
r e g a r d   t o  Theorem 1 w$ do not  gain  anything new; the 
optimal  Hamiltonian H is  a f irst  i n t e g r a l   f o r   t h e  
opt imal   equa t ions   (1 .9) .  However, w i t h  r e g a r d   t o  
Theorem 2 we o b t a i n  
( 3 . 4 )  
m d u "  1 - A = ( E  
a u  a u  d t  aui  , H ]  j = ~ , . . . , m  j = l  i j 
w i t h  every th ing   eva lua ted  in ( x , p , u * ( x , p ) ) .   E s p e c i a l l y  
when u* is  a r egu la r   op t ima l   con t ro l  t h i s  is a usefu l  
formula   for   the   t ime-der iva t ive  of the   op t imal   cont ro l .  
( N o t i c e  t h a t  i n  many cases  the  r igh t -hand s ide  of c3.4) 
can be de te rmined   w i thou t   exp l i c i t l y   so lv ing   fo r  u and 
H .) For  instance i n  case 
m 
j = l  
2 m 
we obta in  
Theorem  3  L t H*(x ,p)  = H(x ,p ,u* (x ,p ) )   deno te   t he  
optimal  Hamiltonian. Then 
* 
d u .  
(3 .5)  2 = { p  g j  ( x ) - u j , p  g,(x) + T 
* T  m 
+ z U k P  B k ( X )  - z U k 1  2 
k = l  k = l  
T m *  
= P cg j ,g01  + z U k k j  , g k l  
k = l  
where every th ing  i s  eva lua ted  i n  u = u * ( x , p ) .  
From t h i s  we immediately  obtain  that ,  i f  a l l  Lie 
Proof Since - ( x , p , u * ( x , p ) )  = 0, j = 1, ..., m ,  f o r  any T h i s  f a c t  was r ecogn ized   fo r   s ing le  i n p u t  b i l i n e a r  bracke ts  of g o , g l ,  .. . ,g ,   are  zero,  then u is  cons tan t .  
time t ,  we a l s o  have 
a H  
au 
j systems i n  [ I ] .  
( 3 .3 )   {H*(x ,p ) ,  r ( x , p , u * ( x , p ) ) ]  = 0 j = 1 ,..., m a H  4 .  Higher-order  symmetries 
j I t  i s  known from phys ic s   t ha t   apa r t  from cons ider ing  
Wri t ing out  
symmetries  for  (Hamiltonian)  equations,   one may a l s o  
look  f rsymmetries of the prolonged Hamiltonian 
equat ions;   these  are   cal led  higher-order   symmetr ies .  As 
noted  already i n  C81, s e e   a l s o  [ l o ] ,  a l so   Hami l tonian  
systems can be prolonged. For t h e   f i r s t - o r d e r  
prolongat ion t h i s  is done by prolonging  the  pseudo- 
Hamiltonian H ( x , p , u )  to the pseudo-Hamiltonian 
Moreover 
m a H   a H  m 
i = 1  ax, 
z (- ii + - q + a p i  j = l  j 
on the  4n-dimensional   s ta te  space ( x , p , i , i )  w i t h  
Poisson  bracket  
n ~ ( + a c - a F a c + a F a c - a F a c )  
a H  { H ( x , P , u ) ,  r ( x , P , u ) ]  * + 
j u=u ( X , P )  
i = 1  a p i  ax i  a i i  api  api  a i ,  a x i  a i i  
The i n p u t s  of !he resul t ing  prolonged  Hamil tonian 
system are  u and u,  while  the outputs  are  given as  
( 4 . 3 a )   y .  = - = - j = 1,  ..., m a i  a H  
- J a; a u  
u=u ( X , P )  j j  
485 
a i  
S u b s t i t u t i o n  of x = - 
y i e l d s  
a H  , +-- a H  i n t o   ( 4 . 3 b )  
i a p j  axi 
( 4 . 4 )  3 .  = 1 (- (-) - - - (-) -1 a a H  a H  a a H  a~ 
i = l  a x i  auj  ap i  api au .  3 axi 
where - means d i f f e ren t i a t ion   a long   t he   Hami l ton ian  d 
systemdF2.  2). 
A conserva t ion  law for  the  prolonged  Hamiltonla?  system 
c o n s i s t ?  .of a p a i r  of f u n c t i o n s   F ( x , p , x , p )  and 
F ~ ( u , Y , u , ~ )  s a t i s f y i n g  
where  and 3 a re   g iven  be ( 4 . 3 ) .   I f  moreover 
Fe(u,O,u,O) = 0 f o r  a l l  u and  u,   then i t  follows  from 
Theorem 1 t h a t  F is  a f i r s t   i n t e g r a l   f o r   t h e   p r o l o n g e d  
optimal Hamiltonian, i . e .  
I t  can be s e e n   t h a t  i f  ( F ( x , p ) ,   F e ( u , y ) )  i s  a con- 
s e r v a t i o n  law f o r  the or iginal   Hamil tonian  system  (2.2)  
then  (I, f e ) will be a conservat ion  law for  the 
prolonged  system.  Moreover i f  Fe(u,O) = 0 f o r   a l l  u 
then  F(u,O,;,O) = 0 f o r  a l l  u and i, and s o  I. will be a 
f i r s t  i n t e g r a l   f o r  H . However, t h e   c l a s s  of h igher -  
order  symmetries i s  much bigger  than  the  symmetries 
ob ta ined  i n  t h i s  way. E s p e c i a l l y   i n  t h e  s i n g u l a r  
opt imal   control   case  higher-order   symmetr ies  seem t o  be 
of use ,   fo r   i n s t ance   fo r  a nondegenerate  analog of 
Theorem 2. I n  t h i s  contex t  we remark t h a t   i n   t h e  
s ingu la r   ca se  we can der ive  formulae similar t o   ( 3 . 2 )  
by consider ing repeated Poisson brackets  
.* 
5. Symmetries  and  feedback 
Let  us  consider  again  the  optimal  control  problem 
( 1 . 1 ) .  Assume t h a t  we f i r s t  a p p l y  feedback u = a ( x , v ) ,  
v E p, w i t h  non-singular .  We ob ta in   t he   t r ans fo rmed  
c o n t r o l  system 
av 
- 
( 5 . 1 )  = f ( x , v )  := f ( x , a ( x , v ) )  
w i t h  running  cos t  
(5 .2)   L(x ,v)  := L ( x , a ( x , v ) )  
- 
r e s u l t i n g  i n  t h e  p s e u d o t i a m i l t o n i a n  
- 
(5 .3 )   H(x ,P ,v )  = p f ( x , v )  - L ( x , v )  T- 
I t  i s  immedi3te t h a t  the two  opt imal   controls   u*,  
r e s p e c t i v e l y  v , a r e  l i n k e d  by the  formula 
(5.4)  u* = a(x  ,v  ) * *  
and tha t   H*(x ,p)  = H ( x , p ) .  How-ever the  Hamiltonian 
sys t ems  co r re spond ing  to  H and H a r e  r e a l l y  d i f f e r e n t ,  
and s o  a re   t he i r   symmet r i e s .  Hence i n   g e n e r a l  b$ con; 
s i d e r i n g  H we ob ta in -d i f f e ren t   symmet r i e s   fo r  H = 
than by cons ider ing  H.  T h i s  f a c t  was  used i n  C41 i n  
o rde r   t o   ob ta in   conse rva t ion   l aws   (F ,Fe )   fo r  H w i t h  Fe 
iden t i ca l ly   ze ro   ( and  F of the  form  pTg(x)).   For a 
discussion  of  the  ra ther   puzzl ing  connect ion  between 
feedback  transformations  and t h e  r e su l t i ng   Hami l ton ian  
systems we r e f e r  t o  [51. 
-* 
6 .  Conclusion 
We have  argued  that  t he  ex is tence  of  symmetr ies  for  the  
opt imal   Hamil tonian  considerably  s implif ies  t h e  s o l u t -  
ion  of  optimal  control  problems. I t  would be very  use- 
f u l   t o   d e t e r m i n e  t h e  c l a s s  of   opt imal   control   problems 
which  give r ise t o   c m p l e t e l y   i n t e g r a b l e   o p t i m a l  
Hamiltonians  [2].  We have  given a procedure t o   o b t a i n  
symmetries  for  the  optimal  Hamiltonians  which  avoids 
the e x p l i c i t   c a l c u l a t i o n  of the   op t imal   cont ro l   and  
Hamil tonian.   These  symmetr ies   have  the  interpretat ion 
of being  symmetr ies   for  t h e  associated  Hamil tonian 
systems.  For other   approaches  for   f inding  symmetr ies  we 
r e f e r  t o  1 9 1 ,  s e e  a l s o  [ 3 1 .  
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